A polarized Calabi-Yau manifold is a pair (X, ω) of a compact algebraic manifold X with zero first Chern class and a Kähler form ω ∈ H 2 (X, Z). The form ω is called a polarization. Let M be the universal deformation space of (X, ω). M is smooth by a theorem of Tian [5] . By [8] , we may assume that each X ′ ∈ M is a Kähler-Einstein manifold. i.e. the associated Kähler metric (g ′ αβ ) is Ricci flat. The tangent space T X ′ M of M at X ′ can be identified with H 1 (X ′ , T X ′ ) ω where
The Weil-Petersson metric G P W on M is defined by
is the Kähler-Einstein metric on X associated with the polarization ω.
In this paper, we consider the universal deformation space M of a simply connected Calabi-Yau threefold. Let ω W P be the Kähler form of the Weil-Petersson metric and set n = dim H 1 (X, T X ) for some X ∈ M. We proved Theorem 1.1. Let ω H = (n + 3)ω W P + Ric(ω W P ). Then Because of the following theorem, we call ω H the Hodge metric of the universal deformation space. For the definitions, see Section 2 and Section 3. The proof of the first theorem is a straightforward computation using the Strominger's formula [4] . Using this method, we can find the optimal upper bound of the Ricci curvature and the holomorphic sectional curvature. The combination of the first and the second theorem is somewhat unexpected: let's explain this a little bit more in detail. By a theorem of Griffiths, we know that the holomorphic sectional curvature on the horizontal directions of the classifying space is negative away from zero. Using the same method, we know that the holomorphic bisectional curvature are nonpositive on certain directions. If D is a homogeneous Kähler manifold, then by the Gauss theorem, we should be able to prove that the holomorphic sectional curvature and the holomorphic bisectional curvature of the horizontal slice are smaller than the corresponding curvatures on the classifying space. However, D is not a homogeneous Kähler manifold in general. Nevertheless, the theorems tell us that we still have the negativity of the curvatures.
In order to prove the second theorem, we make use of the fact that D is the dual homogeneous manifold of a Kähler C-space. Write D = G/V where G is a noncompact semi-simple Lie group without compact factors and V is its compact subgroup. Let K be the maximal compact subgroup containing V . We write out explicitly the projection G/V → G/K via local coordinate. Then the metric (n + 3)ω W P + Ric(ω W P ) and the restriction of the invariant Hermitian metric of D on U can be identified.
In the last section, we gave an asymptotic estimate of the WeilPetersson metric to the degeneration of Calabi-Yau threefolds. Such an estimate was obtained by Tian [6] in the case that the degenerated Calabi-Yau threefold has only ordinary double singular points. C-L. Wang also got such a result using a completely different method.
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The Classifying Space and the Horizontal Slices
The concepts of the classifying space and the horizontal slice were introduced by Griffiths [2] . We recall his definitions and notations in this section.
Suppose X is a simply connected algebraic Calabi-Yau three-fold. The Hodge decomposition of the cohomology group H = H 3 (X, C) is
where
and Ω p is the sheaf of the holomorphic p-forms. The quadratic form Q on X is defined by
By the Serre duality and the fact that the canonical bundle is trivial, dim
It is easy to check that Q is skew-symmetric. Furthermore, we have the following two Hodge-Riemannian relations:
For any collection of {H p,q }'s, set
Under this terminology, the Hodge-Riemannian relations can be rewritten as 3.
Now we suppose that {h p,q } is a collection of integers such that p+q = 3 and h p,q = 2n + 2. 
and on which Q satisfies the two Hodge-Riemannian relations 1,2.
D is a homogeneous complex manifold. The horizontal distribution
where T (D) is the holomorphic tangent bundle which can be identified as a subbundle of the (locally trivial) bundle Hom(H 3 (X, C), H 3 (X, C)). So X naturally acts on F p .
Definition 2.2. A complex integral submanifold of the horizontal distribution T h (D) is called a horizontal slice.
Suppose U ⊂ M is a neighborhood of M at the point X. Then there is a natural map p : U → D, called the period map, which sends a Calabi-Yau threefold to its "Hodge Structure". To be precise, Let X ′ ∈ U. Then there is a natural identification of
are the subspaces of H satisfying the Hodge-Riemannian Relations. We define p(
The Weil-Petersson Metric and the Hodge Metric
On the classifying space D, we can define the so called Hodge holomorphic bundles F 3 , F 2 , F 1 , which are the subbundles of the locally trivial bundle C 2n+2 . The fiber of the bundle
The curvature form of the bundle
Proof:
The proposition follows from the second Hodge-Riemannian Relation. We are going to prove Theorem 3.1. Suppose ω W P is the Kähler form of the Weil-Petersson metric. Let
then ω 1 is a constant multiple of the Hodge metric.
Before proving the theorem, we first prove
There is a basis e 1 , · · · , e 2n+2 of H under which Q can be represented as
And if we let
and f 1 is the hyperplane perpendicular to f 3 with respect to Q, then
By the curvature formula of Strominger [4] , the Ricci curvature of the Weil-Petersson metric
where we set
is an immersion. Now we consider the result of Bryant and Griffiths [1] . Their results can be briefly written as follows:
We assume that eV ∈ U. i.e. the normal horizontal slice passes the original point of D, where the original point is defined as {f 3 , f 2 , f 1 } ∈ D in the Proposition 3.2. Then according to Bryant and Griffiths, there is a holomorphic function u defined on a neighborhood of the original point of C n such if (z 1 , · · · , z n ) is the local holomorphic coordinate of U at eV , the original point, then
, where I is the unit matrix.
In order to prove Theorem 3.1, we need only to prove it at the original point, because any point of the homogeneous space D can be taken as the original point.
Under these notations, at eV ,
Furthermore, the cubic form F ijk at eV is
Now we are going to prove that (h ij ) is a constant multiple of the Hodge metric. Consider the projection
where K is the maximal connected compact subgroup of G containing V . We have From the above lemma, we know that in order to compute ω D | U , we need only computed the metric of U as a submanifold of G/K, even the map π is not holomorphic(Recall that D is not homogeneous Kähler, so the map will not be holomorphic in general). In order to do this, we write out the projection
It is easy to prove from linear algebra that the projection π send
We have known that G/K = Sp(n + 1, R)/U(n + 1) is the Hermitian symmetric space. G/K can be realized as the set of (n + 1) planes P in the C 2n+2 space such that − √ −1Q(P, P ) > 0. Thus G/K can be represented as the set of all the symmetric (n + 1) × (n + 1) matrix Z satisfying Im Z > 0 where Im Z > 0 means Im Z is a positive definite Hermitian matrix.
We write the entries of the matrix Z as functions of D.
Suppose now near the original point, F 3 is spanned by
where z, α ∈ C n , a ∈ C. And suppose F 2 is spanned by the row vectors of the matrix 1 z t a α t 0 1 β A for β ∈ C n , A ∈ gl(n, C). Then by the first Hodge-Riemannian relation
we know that
So locally, we can represented F 2 by the matrix
Let Ω = (1, z t , a, α t ), and let Ω Θ be a local section of F 2 with Θ = (0, 1, α − Az, A). Set
where m ∈ C, ξ ∈ C n . It is easily checked that The symmetric (n + 1) × (n + 1) matrix Z can be obtained as follows: let
Then as a matrix
We have
Then the matrix Z is obtained: The Hermitian metric on G/K is − √ −1∂∂ log det Im Z. In particular, at the original point, it is ij d Z ij ∧ d Z ij , where we set
.1 we see that in order to get the map U → G/K, z, a, α, A in Equation 3.3 should be replaced by
u ij , respectively. Thus we have
By a straightforward computation, we know the restriction of the metric on G/K on U at the original point is a constant multiple of
Thus completes the proof.
The Curvature Computation
In this section we give an optimal estimate of the upper bound of the holomorphic sectional curvature, bisectional curvature and the Ricci curvature of a normal horizontal slice.
Let U be a normal horizontal slice. Suppose (g ij ) is the WeilPetersson metric, (F ijk ) is the cubic form, and K = − log Q(Ω, Ω). The Hodge metric (h ij ) is:
As we have proved, (h ij ) is a Kähler metric. So the curvature tensor
Now we suppose that at point p, the local coordinate for the WeilPetersson metric is normal. i.e., at point p, g ij = δ ij and dg ij = 0. Furthermore, assume K(p) = 0. The curvature tensor R ijkl of (g ij ) then is
is the covariant derivative of the cubic form with respect to the WeilPetersson metric. By using the Strominger formula at p,
We get Based on the above proposition, we get
where R is the superium of the holomorphic sectional curvature. The constant here is optimal. Furthermore, the bisectional curvature is nonpositive.
Proof: We consider the point p and the normal coordinate at p with respect to the Weil-Petersson metric. Fixing i, let
for a vector a = (a 1 , · · · , a n ). Then it is easy to see that
where we use the fact that
Now using Proposition 4.1, we get
Then we have
On the other hand, we have
√ n and b = 1 − a, we havẽ
It is a straightforward computation that the constant here is optimal. Thus we provedR(a, a, a, a) ≥ ||a|| 2 . Since a can be any vector by making a linear transformation of the normal coordinate. We have already proved the assertion of the theorem about the holomorphic sectional curvature. Now we turn to the bisectional curvature. For any (a 1 , · · · , a n ), using the same inequalities before, we havẽ
This proves the nonpositivity of the bisectional curvature. Finally we consider the Ricci curvature. Suppose that ξ is a unit vector. Then by the definition of the Ricci curvature and above results, we have
This completes the proof of the theorem.
The Boundness of the Sectional Curvature
In this section, we prove that the boundness of the Ricci curvature implies the boundness of the Riemannian sectional curvature.
Theorem 5.1. Suppose U is a normal horizontal slice. Suppose p ∈ U is a fixed point such that the Ricci curvature has a lower bound C p at p. That is
Then the Riemannian sectional curvature has a bound
where X, Y ∈ T p U and X ⊥ Y .
We begin by restating Proposition 4.1 in the section 4.
Proposition 5.1. Suppose we have the notations as in the proposition 4.1, then we haveR
here we define
Proof: A straightforward computation.
Proof: Note that the holomorphic bisectional curvature of U is nonpositive. We know that the holomorphic sectional curvature is bounded by C p , i.e.
here we use the fact that
We also have
Thus by proposition 5.1, we have
Combining the above two inequalities we proved the lemma.
Proof of Theorem 5.1: Let
The bisectional curvature is bounded by C p
An Asymptotic Estimate
In this section, we make use of the results in the previous sections to prove an asymptotic estimate of the Weil-Petersson metric of the degeneration of Calabi-Yau threefolds. The motivation for the estimate is from a result of G. Tian [6] . Although the argument can be generalized to study the Weil-Petersson metric of a normal horizontal slice near infinity, we restrict ourselves to the degeneration of Calabi-Yau threefolds.
We say π : X → ∆ is a degeneration of Calabi-Yau threefolds, if X, ∆ are complex manifolds and π is holomorphic, and ∆ is the unit disk in C. ∀t ∈ ∆, t = 0, π −1 (t) is a smooth Calabi-Yau threefold while π −1 (0) is a divisor of normal crossing. We also denote ∆ * to be the punctured unit disk. log ω log
where c(n) = (( √ n + 1) 2 + 1), C 1 is a constant and z is the coordinate of ∆.
Remark 6.1. ω is a Kähler metric on ∆ * . So there is a function λ(z) > 0 on ∆ * such that
The assumption is understood as lim r→0 log λ log 1 r = 0 and the conclusion of the theorem is understood as
Proof: By a theorem of Tian, there are no obstructions towards the deformation of a Calabi-Yau three-fold. Suppose M ∈ π −1 (∆ * ) is a fiber. Let n = dim H 1 (M, Θ) and π(M) = p. Let M be the universal deformation space at p. Then there is a neighborhood U of ∆ * at p such that U ⊂ M Suppose z 1 = z, and suppose U is defined by z 2 = · · · = z n = 0 near the point p. Using the notations as in the previous sections, by the Strominger's formula, we have (6.1) R 1111 = 2g If g 1β = 0 for β = 1, then the inequality is trivially true. Thus we would like to choose a coordinate such that g 1β = 0, β = 1.
Let A be an (n − 1) × (n − 1) matrix. Let
A ij z j for i = 2, · · · , n. If A is a nonsingular matrix, then (z 1 , w 2 , · · · , w n ) will be local holomorphic coordinate of M at p and ∆ * is again be defined by w 2 = · · · = w n = 0. Now we choose an A such that . So f − ǫ log 1 r ≤ C 1 + ǫ log 2 ≤ 2C 1 for any ǫ small. thus letting ǫ → 0, we have f ≤ 2C 1 , which completes the proof.
Remark 6.2. In Hayakawa [3] , the author claimed a relation between the degeneration of the Calabi-Yau manifolds and the noncompleteness of the Weil-Petersson metric. But her proof was incomplete. C-L.
Wang [7] gave a proof of this and studied the Weil-Petersson metric in great detail. In particular, he proved an asymptotic estimate for the degeneration of Calabi-Yau manifold which is slightly sharper then our estimate independently using a different method.
